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Abstract: Investigations of high-energy graviton-graviton and gluon-gluon scattering are 
performed in the leading eikonal approximation for the kinematic regime of large center 
of mass energy and low momentum transfer. We find a double copy relation between 
the amplitudes of the two theories to all loop orders when, on the gauge theory side, we 
retain only the set of diagrams at each loop order for which the collinear divergences cancel 
amongst themselves. For this to happen the color structure of all diagrams in a set must 
be arranged to be identical. Using standard field theoretic methods, it is shown that this 
relation is reflected in a similar double copy relationship between the classical Shockwaves 
of the two theories as well. 
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1 Introduction 

There has been a renewed interest in perturbative quantum gravity due to recent devel- 
opments illuminating a relationship between gravity and gauge theory amplitudes [1, 2]. 
This relationship is thought to endure to all loop orders and would imply a much deeper 
relationship between gravity and gauge theories than is apparent at the Lagrangian level. 
It is this connection we wish to explore further in this paper in the context of a simplified 
approximation scheme, the eikonal approximation, relevant for high energy large s and 
small t scattering. It has been known for some time [3] that the there is a relationship 
between the amplitudes in the eikonal scheme to the scattering of a quantum particle in a 
classical shockwave background. In an attempt to extend the double copy relation beyond 
the domain of scattering amplitudes, we also explore the relationship between the relevant 
Shockwave solutions in gravity and gauge theories. Our results support the double copy 
conjecture on both fronts. 



- 1 - 



High-energy graviton-graviton scattering in the eikonal approximation has attracted 
interest because of the potential relevance of the large s small t regime to black hole 
production [3-10]. Furthermore, this approximation scheme has been used to investigate 
gravitational infrared divergences, which have been shown to have an elegant and simple 
structure [11-13]. For the purposes of this paper, a key result of these investigations, which 
holds beyond the eikonal approximation, is that for scattering amplitudes in perturbative 
quantum gravity, the collinear divergences completely cancel to all loop orders. This will 
be used to identify the class of gauge theory diagrams that participate in the double copy 
relation with the gravity amplitudes in the eikonal approximation. 

In light of these new developments, as mentioned above, we have investigated whether 
or not it is possible to elucidate a double-copy relationship between gravity and gauge 
theory amplitudes in the eikonal approximation. Some progress along these lines has been 
made in [14], where the insertion of infrared gravitons and gluons into a tree level diagram 
with hard momentum exchange was investigated. The results of this investigation upheld 
the double copy conjecture in the infrared approximation to all loop orders. However, in 
this paper we will be considering high energy scattering at large s and small t where there 
is no hard momentum transfer at all. This situation is drastically different for a number of 
reasons. First, the large s and \u\ limit is such that the number of diagrams contributing 
at leading order in 1/s is reduced greatly. Secondly, in this approximation the numerator 
factors do not contain any factors of the loop momenta, as these are suppressed compared 
to the external momenta. Thus the numerator factors are uniquely fixed in terms of the 
external momenta in both the gauge theory and the gravity side. In a certain sense this 
makes the analysis easier. On the other hand, the arguments of [1, 2] do not directly apply 
to such a situation. Fortunately, the fact that collinear divergences in gravity cancel allows 
us to identify which gauge theory diagrams participate in the double copy relation. 

Another aspect of the relationship between eikonalized gravity and gauge theory am- 
plitudes that we have explored in this paper concerns classical Shockwave solutions [15-17]. 
We detail a new method to directly derive both gravity and gauge Shockwaves using eikon- 
alized field-theoretic methods, and show that due to the direct nature of this derivation 
these Shockwaves refiect the double copy relation as well. This double copy relation is only 
clearly seen in a certain gauge, which seems to be a generic property of such relations. We 
would like to emphasize that this is one of the few instances where a double copy relation 
has been studied for classical solutions to the two theories in question and that in order 
to make this analysis we necessarily had to restrict ourselves to the eikonal regime where 
there is no hard momentum transfer. 

A pedagogical review of eikonal graviton-graviton scattering is given in section 2.1. 
Analogous gluon-gluon scattering results and the restrictions necessary to get a double 
copy relation are described in section 2.2. The resultant eikonal double copy relation is 
described in section 2.3. In sections 3.1 and 3.2 we derive respectively the gravity and 
QCD Shockwaves before describing their relationship in section 3.3. In the final section we 
review our results. 
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Figure 1. A scattering process with a single graviton/gluon exchanged. 



2 Eikonal Scattering 

In this section we present results on high-energy graviton-graviton and gluon-gluon scat- 
tering in the eikonal limit. As mentioned previously, we will work in the kinematic limit 
of large s and small t and keep only the leading contributions. Thus, up to corrections 
of order 1/s, only the t channel exchange diagrams contribute. Also in keeping with the 
eikonal approximation, we will neglect all the loop momenta in the numerator factors, and 
replace the denominators of all propagators by the rule: 



where, P is an external momentum and K denotes any combination of internal loop mo- 
menta. We will begin with a review of graviton-graviton scattering before moving on to 
the case of gluon-gluon scattering. 

2.1 Gravity 

Let use start with a review of the gravity case in order to establish our conventions and 
because we will be using these results in later sections. We will be working in the deDonder 
gauge and the frame where A = p' — p is such that A" = = 0, in coordinates where 
p is in the positive z-direction and q is in the negative z-direction. This is the center of 
momentum frame in the kinematic regime where we can ignore the transferred momentum 
compared to the incoming and outgoing momenta. 

2.1.1 Tree Level 

Let us first work with the simplest case where only a single graviton is exchanged (figure 
1). In this case, the matrix element corresponding to this diagram is: 





Ml = ( 



2 i_ L^uap ai3^Sari 



(p)r^'^-^P\q)e.^sip)e,x{q)e%{p)e:M 



(2.2) 



2' 2 A2 + ie 



where: 



(2.3) 



is the numerator of the de Bonder gauge graviton propagator and 



r 




(2.4) 
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Figure 2. The box diagram. 




Figure 3. The crossed box diagram. 



is the three graviton vertex in the eikonal hmit. Thus, we have for the one graviton 
exchange amphtude: 

2.1.2 One-Loop 

Let us now consider the scattering process where two gravitons are exchanged. At this 
order there are two diagrams, the box and the crossed box (figures 2 and 3). In this case, 
the matrix element becomes: 

X ■ 



f (rki(fk2 , . , 



kf + ie + ie —2p ■ ki + ie 



where the sum on the third fine is the sum over the two diagrams. It is apparent that even 
at the one- loop level there are a huge amount of internal space-time indices. The situation 
greatly simplifies when one uses the identities: 

L^''^^e,s{pK,ip) = 2. (2.7) 
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2 

That is, each "rung" of the ladder gives a factor each propagator on the two "legs" of the 
ladder gives a factor of 4, and there is an overall factor of 4 coming from the contractions of 
the polarization tensors. So, with our normalizations, the contraction of all the space-time 
indices in a ladder or crossed ladder diagram gives a factor of ^(8s^)", where n is the 
number of gravitons exchanged. 
Thus we have that: 



kl + ie 



X ^ 11 1 

^ kl + ie -2p ■ kl + ie 2q ■ ki + ie^ 2q ■ k2 + ie 

2.1.3 n-1 Loop 

Let us now consider the case where n gravitons are exchanged within the diagram. In this 
case after applying the identities in (2.7) we have: 

n ^ n—1 ^ n— 1 ^ 

^ n n _2p .k,+ie^^^2q-ki + ie^ ^^'^^ 

J * I perms i 

where the sum over permutations in the last line generate all of the distinct ladder and 
crossed ladder diagrams at this loop order. 

2.1.4 Exponentiation 

We will now proceed to show that the expression for the n — 1 loop scattering amplitude 
(2.9) implies that the eikonal amplitude exponentiates. We will find it useful to evaluate 
this integral in light-cone coordinates. We then have: 



n ^ n—1 ^ n—1 ^ 



We will find it very useful to use the identity (A proof is outlined in Appendix A for 
completeness) : 

6{u;i + ... + Un) V , — = {-27Tir-'6{ui)...6{un) (2.11) 

Perms oi u)i 

over the ki^ coordinates to arrive at: 

\ i i i l± i I- 

(2.12) 
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Figure 4. The set of two-loop ladder diagrams relevant for the double copy relation in the eikonal 
approximation. For the same color factors the collinear divergences between these cancel. 



We can then symmetrize the integrand in the ki- coordinates and again use (2.11) to arrive 
at: 



If we then Fourier transform the amplitude into impact parameter space we arrive at: 



_ 2s -IK^S r (fk± 1 a, .fc| nn 

" n!^ 8 J (27r)2fci ^ ' ^ ' 

So we see that when we sum over all n we have for our full Fourier transformed amplitude: 

Af = -2s[e'^ - 1] (2.15) 

where: 



K^S f cfk± 1 . 

J2^¥^ 



This reproduces the well known result that the amplitude exponentiates in impact param- 
eter space. 

2.2 QCD 

In this section we identify the set of gauge theory amplitudes at each loop order that can 
participate in a double copy relation with the gravity amplitudes derived in the previ- 
ous section in the eikonal approximation. To be specific, we seek a double copy relation 
which relates the gravity amplitudes to two gauge theory amplitudes, both of which are 
in the eikonal approximation. As mentioned previously, an important constraint is that 
on the gauge theory side, all the collinear divergences have to cancel. This constraint be- 
comes relevant because for gauge theories there are more diagrams in the leading eikonal 
approximation than those discussed in the previous section for the gravity case. 
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While it is well known that only ladder and crossed ladder diagrams contribute to the 
graviton scattering amplitude at leading eikonal order, this is not the case for nonabelian 
gauge theories such as QCD. The eikonal approximation in QCD has been extensively 
studied in the context of the Reggeization phenomenon. Ref. [18] depicts all the diagrams 
to the third loop order and summarizes the result of investigations in this area. For an 
interesting attempt to investigate high-energy QCD scattering using less standard methods, 
see ref. [19], who model the scattering process as a simplified two dimensional effective 
field theory. 

One of the big differences between QCD and gravity at the one loop order stems from 
the fact that the corresponding box and crossed box diagrams (figures 2 and 3) come with 
different color factors. Each of the corresponding Feynman integrals contributes a In s term 
coming from a collinear divergence and for gravity these In s terms cancel between the two 
diagrams. However, this cancellation is prevented in QCD because of the different color 
factors for the two diagrams. 

For example, at the one loop level the box graph has a color factor of {T°'T^)ij{T"'T^)j^i, 
whereas the the crossed box gives {T°'T^)ij{T^T"')ki- Here, are the matrices in the 
adjoint representation and [ij) and {kl) denote the color indices of the external gluons. We 
may rewrite the color factor of the crossed box as [T^T^j {T^T") ki = {T''T^)ij{T''T^)ki + 
^{T°')ij{T°')ki- Thus the sum of the two diagrams now has a piece proportional to the 
same color factor {T''T^)ij{T''T^)ki and a piece which has the same color factor as the tree 
level diagram. The piece proportional to {T''T%j{T''T^)ki is just like the contribution in 
gravity for which the In s terms cancel, and the term proportional to ^{T"')ij(T'^)ki contains 
a In s term which together with similar pieces from higher orders containing higher powers 
of Ins terms then Reggeizes the one gluon exchange amplitude [18, 20]. The key point 
now is that it is only the first type of contribution which is relevant for the double copy 
relation. This is because the leading numerator factors in the eikonal approximation have 
no dependence on loop momenta, so these logarithms will persist even once the double 
copy conjecture is applied. However, as collinear singularities are known to be absent in 
gravitational amplitudes, we will need to systematically restrict our attention to a subset 
of the QCD amplitudes that has no such logarithms. When the double copy relation is 
applied to the full gauge theory the cancellation of those In s terms which are responsible for 
gluon Reggeization proceeds through terms other than those given by the leading eikonal 
approximation and the exact mechanism for this is beyond the scope of this paper. (The 
fact that all the collinear divergences do cancel in the gauge theory side once the exact 
double copy relations are applied has been explicitly checked at fixed order for some theories 
in [21]). As we discuss later in this section, this argument can be easily extended to higher 
loop orders and the net result is the following: In order to eliminate the In s contributions 
which arise from collinear divergences, we restrict our attention only to those diagrams 
in the scattering amplitude that are same ones as considered for the case of gravitational 
eikonal scattering and have the common color structure of an uncrossed ladder diagram 
(for instance, the color factors associated with figure 2 and the first diagram of figure 4 
at orders and , respectively) . The fact that the In s dependence in such terms cancel 
through sixth-order in the coupling constant was seen in [18, 20]. We show this cancellation 
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Figure 5. The seagull diagram. 




Figure 6. The triangle diagram. 



endures to all orders in the following sections. 

Before we proceed to a systematic discussion of the class of diagrams of interest to 
us for checking the double copy relation in the eikonal approximation, we would like to 
comment on the contributions of the seagull and the triangle type diagrams shown in figure 
5 and figure 6 respectively. 

Let us begin with diagrams with seagull type interactions (for example figure 5). We 
will show that these are subleading in the eikonal approximation even for the case of gauge 
theories. In order to see this, note that the Feynman integral for this diagram is: 



I dki+dk2+dki^dk2-cpki±cfk2±,,, , , , , . 

-fsea = / j^^;^ (5(fci+ + A;2+)5(fci_ + A;2_) 



x5Hki^ + k2± + A^)—^ ^ i - , \. (2.17) 

fci+ ^ A;i+ ^ k2+ ^ k2+ 

We have assumed there are two vertices attaching onto the bottom leg but switching to 
the case where two vertices attach to the upper leg is trivial. Using the delta function over 
k2- we have: 

dki+dk2+dki^d'^ki±d'^k2± , , 
6{ki+ + k2+) 

x5\ki^ + k2L + A^)Tr^ 4 . i (2.18) 

fci+ ' ^ k2+ k2+ 

Now let us consider the integration over ki-. Due to the delta function 6{ki+ + /c2+) we 
see that both poles in ki- must lie on the same side of the real axis. Now, it is well known 
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(for a pedagogical discussion see [22]) that infrared sensitive effects only arise from pinch 
singular points. Because of this, it is easy to see that the above does not contain any 
infrared effects. Thus a Feynman integral with eikonalized propagators will not have any 
leading-order contributions for diagrams with a seagull interaction. 

Note that we can extend the above reasoning for the case of diagrams with a three point 
interaction at one loop order as in figure 6. This is because the only difference between the 
Feynman integral of the seagull diagram (figure 5) and the triangle diagram (figure 6) are 
numerator factors of which do not alter the presented argument. 

Keeping these things in mind, in this section we give the expressions for the matrix 
elements of diagrams contributing to high-energy gluon-gluon scattering at leading eikonal 
order. As discussed earlier, we only retain terms with the color structure corresponding to 
uncrossed ladder diagrams and keep only the lowest order coefficient of each color factor. 
We explicitly show what we mean by this below. 

2.2.1 Tree Level 

We will start by stating the tree level result. This is straightforward at leading eikonal 
order since any of the polarization vectors contracted with its own momenta gives zero, 
which kills all of the factors in the three-gluon vertex at leading eikonal order except for 
one from each vertex.: 

-^1 = i^9''^9'"'{P + P) ■ {q + Q)facbfadeeaip)epiq)e}{p')eUq') 

^^'-^F, (2.19) 
where we have written the color factor as Fi = {T°')ij{T'^)ki. 

2.2.2 One-Loop 

Let us now move on to the one-loop level. Much like in the graviton scattering case, at 
leading eikonal order the kinematic factors in the vertices have a very simple structure. 

This is due to the fact that the eikonalized three-gluon vertex gives a factor of liT'^g^pp^ 
on the top leg and a factor of 2iT"-ga^q^ on the bottom leg. This is because all other vertex 
factors are proportional to momenta that will contract with either itself or their correspond- 
ing polarization vector. As the factors of 

gO^P in the vertices contract to give a factor of 
e • e* = 1, we are left with a factor of —2s for each "rung" of the ladder, multiplied by a 
diagram dependent color factor. Thus at one-loop we have for the matrix element: 



A2 = ^s^g^ J ^^^^4 S{ki + k2 + A) 



kf + ie 

I , F2 FL , , , 



^2 + — 2p ■ ki + ie 2q ■ ki + ie 2q ■ k2+ ie 

where the sum in the second line represents the box and crossed box diagrams and F2 = 
{T''T^)ij{T°-T^)ki and F^ = {T''T^)ij{T^T'')ki are their respective color factors. Recall that 



-9- 



we can use the group theory relation: 

FL = F2 + (2.21) 

To arrive at: 

X ] f ^ + ^ ] + 0(/)Fi (2.22) 

where we have ignored the term proportional to Fi since it has an uncanceled collinear 
divergence. Note that a convenient bookkeeping device is to keep only the term that 
is lowest order in the coupling constant for each relevant color factor. In this case, the 
contribution to Fi from (2.22) is higher order than the contribution from (2.19). 

At the two-loop level we will consider only the set of diagrams in figure 4. Our 
prescription is to then commute the color factors so that in the end we only retain a 
contribution with a color factor of the first diagram in figure 4. 

2.2.3 n-1 Loop 

We now state the expression for the matrix element at the n — 1 loop level. Knowing that 
we get a factor of —2s times a color factor for each "rung" of the ladder makes this task 
very straightforward. We have: 



A. = -g^-i-2^sr|I^,6i±k, + A) 



n ^ 71—1 ^ n— 1 

i ' i perms i 

where the sum over permutations that generate all the distinct ladder and crossed ladder 
diagrams at this order now include the distinct color factor for each of these diagrams, which 
we write as Cperm- Note that as we did in the 1-loop case, we can commute the terms in each 
distinct color factor so that they all are reduced to F„ = {T''^T''K...T''")ij{T''^T''K...T'^")ki, 
the color factor corresponding to the n — 1 loop uncrossed ladder diagram, plus terms that 
have color factors corresponding to lower loop diagrams but are ignored due to having 
higher power dependence on the coupling constant. These latter terms have collinear 
divergences and are therefore of no interest to us. Thus we can write: 



n 1 n— 1 ^ n— 1 ^ 

X n ^ n 32,^^ E in ^^^i + cfe")^....- ^^^^ 

i * i perms i 

Note that it is clear that the above expression will not have any collinear divergences since 
we can proceed as we did in section 2.1.4 and integrate over the + and — components of 
all the loop momenta, leaving only transverse components. 
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2.3 Double Copy Relation 

We have seen in the last section that by retaining only the lowest order coefficient of 
color structures corresponding to uncrossed ladder diagrams, we can eliminate all collinear 
logarithms in the QCD eikonal scattering amplitude. Now that we have identified the 
correct subset of the amplitude to consider, a double copy relation is seen immediately, as: 



= -'^-'^ J + ^) n ^ 



n—1 ^ n— 1 ^ 

^ n _2p -ki + ie ^ 2q-ki + ie^ ^'^''^^^ 

i perms i 

where we have rescaled F„, — )• jpfy; as prescribed by [2]. We then see from (2.9) that: 



(k/2)2" 

n— 1 ^ n—1 

X 



-2p • kj + ie ^-^ 2q ■ kj + ie 

^ * perms i ^ ^ ' 

SO we see that if we replace the color factor F„ with the numerator factor —is" the gravi- 
tational result is recovered. 



3 Connection to Shockwaves 

In this section we will explore the possibility of replacing a fast moving particle in interac- 
tion with the rest of an arbitrary Feynman diagram by an external potential. In particular, 
we will present a field theoretic calculation that directly illustrates the connection between 
the eikonal approximation and Shockwaves. This is done by comparing the expressions for 
the interaction of an arbitrary diagram through eikonalized graviton or gluon exchange 
with a relativistic graviton/gluon line (figure 7) to that of its interaction with external 
tensor/vector field sources (figure 8). 

3.1 Aichelberg-Sexl Metric 

We first start with the gravitational case, for which the shockwave is described by the 
Aichelberg-Sexl metric. Let us consider an arbitrary diagram R interacting with a rel- 
ativistic graviton line by exchanging n eikonalized gravitons. In this case using similar 
methods to those used in section 2.1 we see that the matrix element corresponding to this 
process is: 

/T-rn T4r n n 

i^<^^(j:fc.+A)n^..g. 

n n—1 ^ 

X Ilrsx- E tn ^^^^-^]R^''"'''H{p^}Ak.}) (3.1) 

kf + le ^-^ Zq ■ ki + le 

I * Derms i 
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Figure 7. A high energy graviton/gluon interacting with the rest of the diagram through eikon- 
ahzed graviton/gluon exchange. We show the case with rt = 4 gravitons/gluons for purposes of 
illustration. 




where R^^^''^^^ {{pi} , {ki}) denotes the expressions for the rest of the diagram. The pi are 
the momenta going into and out of rest, and we are still defining A = p'—p = q — q', where 
p is the net momentum going into R and p' is the net momentum going out. We can now 
simplify our result using (2.11): 

><fl^-pT^R^'--''H{p^}Ah}) (3.2) 

Let us now compare this result to the case where this same arbitrary diagram is interacting 
n times with an external tensor field: 

V = / ^,e^^'"'^C,.ik) (3.3) 
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The net result is: 

X C^,,,{k^)...C^^,MR^^"'''H{P^}Ah}), (3.4) 



Let us choose: 



Note that: 



C^u{k) = 2KTTq^q^6{2q ■ k) ^ . (3.5) 



6\p' -p + ki + ... + kn)5{2q ■ ki)...5{2q ■ k^) 

= 6ip'° -p° + k^^+ ... + k^J6^{p' - p + ki + ... + kr,)S{2q ■ ki)...5{2q ■ kn) 
= 5(p'° - / + Vq • (p - p'))<^'(q - q + ki + ... + kn)S{2q ■ ki)...6{2q ■ kn) 
= 2qo5{2q ■ {p - p'))5\ci - q' + ki + ... + kM2q ■ ki)...5{2q ■ k^) (3.6) 

where Vq = — and we have used the fact that there are delta functions that impose the 
condition A;^ = Vq • ki and that p — p' = q' — q = ki. Now, 5{p'^ — p^ + k^^ ... + k^) = 
2qQS{2q ■ (jp — p')) can be pulled out of the k integrations and we get: 

A^(f) = 2^5(2g.(p-p'))M^^ (3.7) 

so we see that the effect of the high energy line is the same as that of the external field 
(3.3) with C^y{k) given by (3.5). Note that this field can be written as: 



K 



k"^ + le 

Sk 



If we take q in the z direction, we have: 

J2 



Let us take the limit as tig — >• 1 (go is held fixed), in which case the external field becomes: 

V = -'^QoUf.uJiz -t) j l^e-^*^^"-^^ (3.10) 

where u is the 4-velocity corresponding to q. The equation of motion for the de Donder 
gauge we are using is: 

1 K 
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Note in the limit Vq ^ 1, h = 0. We then have using hai3 from (3.10): 

nhai3 = {dt+zdt-z - dljhap 

= -'^qoUaUii5{z - t)5{y)5{x) (3.12) 

Thus the energy momentum tensor corresponding to our external field is: 

Tap = qoUaUpSiz - t)6{y)6{x) (3.13) 

Which is precisely the energy momentum tensor of a massless particle, which will give the 
Aichelburg-Sexl metric once the Einstein equation is solved for. 

We can also directly apply a gauge transformation to (3.10) to show that it is indeed 
the Aichelberg-Sexl metric. The key fact to note here is that: 

/ |^-"^--4 = *i^'"(.i) = -i^ (3.14) 

Because of this, when we make the gauge transformation: 

h'fj.u = h^u + dfj,r]i, + diyijfj, (3.15) 

with: 

and all other components of r/^ being zero, we have dxT] = dyfj = 0. Thus, by choosing 

this gauge parameter we ensure that we only change the h component with this gauge 

transformation, which is the only non-zero component. 
After this gauge transformation we arrive at: 

Kh'^^ = 4GqoU^uJ{z - t) In(ri) (3.17) 

which is precisely the standard expression for the Aichelberg-Sexl metric (for example, see 
eqn. 1 of [16]). 

3.2 Gauge Shockwave 

Here we discuss how one can arrive at a gauge shockwave using methods analogous to those 
used to arrive at the Aichelberg-Sexl metric. 

Let us first consider an arbitrary diagram exchanging n gluons with a high energy gluon 
line. Using similar methods to section 2.2 we find that the matrix element corresponding 
to this process is: 

n n n-l ,{aj 

i i ^ nerms i ^ 
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Note that each permutation that generates a new diagram will have a different color factor 
which will be contracted with the rest of the diagram. However, we can again commute 
the color matrices so that they all reduce to a common color factor plus a suppressed term 
that has a color factor of a lower order diagram and would contain potential collinear 
divergences. Again, we ignore terms of this latter type to arrive at: 



n n , n— 1 



i i ' perms i 

where Dn""^^ is the color factor that corresponds to the diagrams where n gluons are ex- 
changed with the rest of the diagram in an uncrossed fashion. Typically it will be of the 
form, Di""'^ = {T'^^T''^....T''^)ij. Note that there is a similar chain of the product of the 

included inside R\'^il{{pt},{ki})- 
Then, after using (2.11) we have: 

= {-m^2qoDt} I ^^^^(Eki + A) 

><n^-nifTf<:i(fe}'i^a) (3.20) 



Let us now compare this expression to that obtained by letting this arbitrary diagram 
interact n times with an external vector field: 

4"^ = / (04«^^'-^^4"H^) (3-21) 
In this case, we find that the resulting amplitude is: 

/T-rn j4 t ™ 
^^^^SHY. h + A)4'J^)(fci)...4:")(fc„)i?{^;}(fe}, {A;,}) (3.22) 

Note that if we make the identification: 

B\:\k) = -Mg7,q^D^^~^5{2q ■ k)y^^ (3.23) 

we see that: 

/T~\n j4 J, 
^^L_L53(^ki + A) 



n^^' ri'^.. n '-w^o^^^ (3-24) 



Note that as -^i"''' = we have: 



- 15 - 



(3.25) 



as desired. Going through the exact same procedure as the gravitational case, we then find 
that: 

A(;\k) = -igu,D^^h{z -t)j l^e-i'-'- (3.26) 

If we insert this vector field into the Yang-Mills equation: 

D^Fl^=j';^) (3.27) 

we find that the corresponding current is: 

= -igu^D^^'hiz - mx)5{y) (3.28) 

Note this is exactly the source that gives rise to a QED shockwave, with the identification 
of igD^^ being the electromagnetic charge. 

As we did for the gravitational case we can also instead show the equivalence using a 
gauge transformation: 



with: 



we have: 



A' =A^ + d^n (3.29) 



Q = tgD^^^Q{t - z) I l^e-'^-r- ^ (3.30) 



Ao = A, = 0; 

A^ = --^^^e{t- z)V\n{rl) (3.31) 
Air 

which is exactly the QED result with the identification of igD^^ being the electromagnetic 
charge. So we have seen that deriving a shockwave in the eikonal limit causes it to take an 
abelian form, even for the case of nonabelian gauge theories such as QCD. 

3.3 Relationship Betv^een The Two Shockwaves 

It is interesting to note that the double copy relation similar to that which we showed in 
section 2.3 can also be seen in the two Shockwaves (3.10) and (3.26). For the full scattering 



i-i) 

look at for the gravitational shockwave is: 

(3.3.) 



amplitude we looked at the gravitational quantity j^^j^^-Mn- The analogous quantity to 
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since we have accounted for factors corresponding to graviton couphngs and numerator 
factors of the propagators that reside in "rest". Note that we have identified ^^2qo^ ^ 
being a propagator as this piece was derived solely from non- numerator contributions. 

On the gauge theory side, the quantity we looked at for the full scattering amplitude 
was ^ — -^n- The analogous quantity to look at for the shockwave is: 

where we have accounted for a factor of g that corresponds to gluon couplings that reside 
in "rest". We have also rescaled the color factor to D^^^ = — |Z)["^ (instead of scaling 
by — since there are two factors of D^^^ that need to be accounted for in the n = 1 
case that the single external gauge field corresponds to (one factor in the gauge field and 
another factor residing in the attachment onto "rest" ) . 

We then easily see that if we make the replacement D^'' — t- zg^ in the gauge shockwave 
we clearly recover the gravitational result. In concluding this section we would like to point 
out that this double copy relation is only obvious in our choice of gauge and is greatly 
obscured in any other gauge. 



4 Discussion 



We have shown that there exists a double copy relation between eikonalized gravity and 
gauge theory amplitudes, as long as we consider only the lowest order contribution to 
the color factors corresponding to completely uncrossed ladder diagrams. This restric- 
tion is necessary as the inclusion of other contributions to the amplitude will result in 
collinearly divergences which are known to cancel in gravitational amplitudes. This is a 
feature particular to the eikonal approximation, as in this limit the numerator factors have 
no dependence on the loop momenta which does not allow one to change the integrals 
found in gauge theories once the double copy conjecture is applied. 

An interesting consequence of this double copy relation between the eikonalized am- 
plitudes is that the corresponding shockwave solutions have a double copy relation as 
well. While both the gauge and gravity Shockwaves had been calculated previously using 
completely classical methods, our method directly shows the relationship between eikonal 
amplitudes and Shockwaves. Furthermore, the double copy relation between the two shock- 
waves had not previously been seen. This is because this double copy relation is only 
apparent in a particular choice of gauge, which was naturally selected by our method of 
calculation. 

One aspect of this analysis we would like to comment on is that we did not need to 
consider gravity coupled to a dilaton or an anti-symmetric tensor in order to arrive at a 
double copy relation in this kinematic regime at leading eikonal order. Such a coupling is 
necessary for a double copy relation in the unrestricted kinematic region as discussed in 
[1, 2]. However, it is to be expected that we would not need to consider these couplings 
as in the soft regime scalars decouple due to power counting arguments. This reasoning 
is also why ghosts do not need to be considered in the soft limit [23]. Arguments for the 
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decoupling of scalars and anti-symmetric tensors also apply at the tree level, as is well 
known. 
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A Proof of an Identity Used in The Paper 

In this appendix, for completeness, we present a proof of the identity (2.11) used in the 
main text. This identity is a very useful one for applications of the eikonal approximation 
[18]. 



6{u)i + ...+U}n) ^ 



UJl+ie LOl + ... + LOn-l + le 
Perms oi u}i 

= {-27rir-^6{uji)...6{u;n) (A.l) 
We will use the representations: 



If 

6{uJi +UJ2 + ... + '^n) = ^ / 



n 



u) + le 

To rewrite the left hand side of (A.l) as: 

J(wi + ... + Wn) ^ ^ 



^ i [ (ir^(r)e*('^+*^)^ (A.2) 



^ uji + ie ooi + ... + LOn-i + le 

Perms oi 

n—1 



Perms over i j=l k=l j=l 
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Now let us make the coordinate transformation Tj = tj+i — tj. The Jacobian of this 
transformation is 1, so we find: 

1 



6{UJI + ... + UJn) 



^ uji+te uji + ... + Un-i + le 

Ferms oi uj^ 

= (-«r~^^ j dtn...dtie{tn-tn-l)...e{t2-ti) 

Perms of u)i 

X e^^n ('^l+'^2 + ---+T-n-l-tn)g«l^i2('^2+T3 + --.+r„_l-t„) gi<^i„_ i (^n- 1 "tn ) g jt^i„ (-t„ ) 



If 

(-0""^^ dtn...dtie{tn-tn-l)...e{t2-h)exp{-iY,^i,t 

Perms of uii j=l 

If " 



= {-2nir-^6{ui)...5{u;n) (A.4) 
So we see that (A.l) does indeed hold true. 
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